Abstract-Time-of-flight methods allow quantitative measurement of shear wave speed (SWS) from ultrasonically tracked displacements following impulsive acoustic radiation force excitation in tissue. In heterogeneous materials, reflections at boundaries can distort the wave shape and confound determination of the wave arrival time. The magnitude of these effects depends on the shear wavelength of the excitation, the kernel size used to calculate the SWS, and the method used to determine the wave arrival time. In this study, we perform a parametric analysis of these factors using finite element modeling of the tissue response and simulated ultrasonic tracking. Two geometries are used, a stiff vertical layer and a stiff spherical inclusion, each in a uniform background. Wave arrival times are estimated using the peak displacement, peak slope of the leading edge, and cross-correlation methods. Results are evaluated in terms of reconstruction accuracy, resolution, contrast, and contrast-to-noise ratio of reconstructed SWS images. Superior results are obtained using narrower excitation widths and arrival time estimators which identify the leading edge of the propagating wave. The optimal kernel size is determined by a tradeoff between improved accuracy for larger kernels at the expense of spatial resolution.
I. Introduction P hysicians use manual palpation to diagnose disease because pathological tissues are often stiffer than adjacent healthy tissue. This increase in tissue stiffness is typically associated with the replacement of healthy tissue by fibrotic tissue, as occurs in disease processes such as liver cirrhosis, or with an increase in tissue cellular density in malignant masses, as is believed to occur with certain focal cancers. Manual palpation, however, has limitations associated with physician access to organs and deep tissues, and there can be large subjective variability from one clinician to another when describing the stiffness or softness of a mass or organ.
Ultrasonic elasticity imaging is one tool that clinicians are starting to utilize to help diagnose and monitor disease based on the stiffness contrast between healthy and diseased tissue. shear wave elasticity imaging (sWEI) is a noninvasive ultrasonic method that utilizes acoustic radiation force to generate shear waves that propagate in soft tissues [1] . several research groups have developed techniques to use propagating shear waves following acoustic radiation force excitations to reconstruct soft tissue material properties, including shearwave dispersion ultrasound vibrometry (sdUV) [2] , [3] , supersonic imaging (ssI) [4] , [5] , spatially modulated ultrasonic radiation force (sMUrF) [6] , and acoustic radiation force impulse (arFI) shear wave imaging [7] , [8] .
Many of these imaging modalities rely on time-of-flight (ToF)-based reconstruction algorithms to estimate the speed of propagating shear waves that are generated from impulsive acoustic radiation force excitations. These ToF methods utilize assumptions about tissue homogeneity in the region of interest (roI) to provide spatial domains over which the reconstruction kernels can be expanded to generate robust speed estimates. However, when quantitative shear stiffness images of structures in tissue are sought, these homogeneity assumptions can be violated and artifacts can be created in the resulting shear stiffness images.
This manuscript explores the impact of shear wave speed (sWs) reconstruction kernel size, arrival time estimation methodology, and shear wave excitation beamwidth on the accuracy, spatial resolution, and contrast of shear stiffness images using validated simulation tools. section II reviews acoustic radiation force and shear wave mechanics as applied in these studies. section III details the finite element method (FEM) simulations used in these studies and the sWs reconstruction algorithms that were investigated, with results from these simulations presented in section IV. The results are discussed in section V in the context of artifacts that can be present in sWs images of heterogeneous media and methods for optimizing the accuracy, spatial resolution, and contrast in ToF sWs images.
II. Background
The acoustic radiation force F generated in soft tissues by focused ultrasound can be described by [9] , [10] 
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intensity at a given point in space. The acoustic radiation force is generated by a transfer of momentum from the propagating acoustic wave to the propagation medium through attenuation mechanisms such as absorption and scattering of the ultrasonic wave. Focusing the acoustic radiation force allows for shear waves to be generated directly in tissues of interest, and the shape and size of these shear waves is dictated by both the acoustic excitation parameters, such as f-number and frequency, and by the acoustic properties of the tissue, such as the ultrasonic attenuation [11] , [12] . In linear, isotropic, elastic solids, the speed c T of shear wave propagation is related to shear modulus μ and young's modulus E by
where ρ is the density and ν is Poisson's ratio. Thus, by measuring the speed of shear wave propagation in tissue, one can infer a quantitative estimate of the tissue stiffness. For incompressible solids, Poisson's ratio is 0.5 and E = 3μ. all three metrics (E, μ, and c T ) related to stiffness are commonly quoted in the literature and provided by commercial systems. The estimation of sWs can be accomplished through a variety of methods. For magnetic resonance elastography, acquisition of a full 3-d set of displacement data u allows the direct inversion of the Helmholtz equation [13] [14] [15] 
However, most ultrasonically-tracked displacement data are acquired in a single imaging plane, and additional assumptions are required to use the direct inversion of (3). In addition, the jitter present in ultrasonically-tracked displacement data results in noise and artifacts from calculating second-order spatial and temporal derivatives of the displacement field data using the Helmholtz inversion approach [4] , [7] . These challenges have motivated the use of time-offlight (ToF) sWs reconstruction algorithms that take advantage of a priori information regarding shear wave propagation direction to estimate wave speed [3] , [5] , [8] , [16] . Typically, ToF sWs estimation is performed by estimating the wave arrival time at lateral positions offset from the excitation, and performing linear regression of time versus position data within a kernel to determine the speed. Methods used to determine the arrival time include the time to peak (TTP) displacement algorithm [8] , determination of the arrival phase of a steady-state amplitude-modulated wave [3] , and cross-correlation techniques [5] , [16] . Beyond simple linear regression, several methods have been described to improve ToF sWs estimation including outlier removal using the random sample consensus (ransac) algorithm [17] , evaluation of linear trajectories [18] , and level-set methods to utilize continuity of the wave front with depth [5] , [19] . In this paper, we consider factors which influence the reconstruction accuracy and resolution in ToF sWs estimation with particular attention to the effects of kernel size, shear wavelength, and the method of arrival time determination.
III. Methods

A. Finite Element Models
Previously validated finite element (FE) models [12] were used to simulate the dynamic response of tissue following impulsive acoustic radiation force excitations. Two configurations of materials were used. The first configuration consisted of a stiff, vertical layer with young's modulus E = 20 kPa in a background with E = 5 kPa, see Fig.  1(a) . The layer ranged in thickness from 2 to 10 mm and was positioned so the first boundary was 10 mm from the excitation axis. The second configuration consisted of a spherical inclusion with E = 20 kPa in a background with E = 5 kPa. The sphere had a diameter of 10 mm and was positioned with its center at a depth of 49 mm and at a distance of 15 mm from the excitation axis; see Fig. 1 
(c).
Materials were modeled as linear, elastic isotropic solids with a Poisson's ratio ν = 0.499 and density ρ = 1 g/ cm 3 so that the sWs was given by (2) . no mechanism of shear wave attenuation was included in the model [12] . The FE mesh used elements with a dimension of 0.25 mm × 0.25 mm × 0.25 mm. For the vertical layer configuration, quarter-symmetry was used, and the mesh had elevation × lateral × axial dimensions of 15 mm × 30 mm × 80 mm. For the spherical inclusion geometry, half-symmetry with non-reflecting boundaries on the lateral and elevation faces of a 5 mm × 40 mm × 80 mm mesh were used to simulate a semi-infinite medium without reflection artifacts.
Two excitation configurations were used. For the layered model, a gaussian excitation [see Fig. 1(b) ] with adjustable width was used to investigate the effect of shear wavelength on sWs reconstruction. These excitations used an axial force distribution given by
where A(t) is the time dependent force amplitude; x, y, and z are the lateral, elevational, and axial coordinates; σ x , σ y , and σ z are the −6-dB beamwidths in each dimension; and z 0 is the coordinate at the axial center of the excitation. axisymmetric excitations with 0.5 mm ≤ σ x = σ y ≤ 5 mm and σ z = 20 mm were used to model shear wavelengths in the range typically used for experimental radiation force excitations. The force amplitude A(t) was set to zero except for 0 < t < 200 μs, where it was set to a constant value chosen empirically for each beamwidth to achieve a maximum on-axis displacement of roughly 20 μm. These gaussian excitations were used only for the vertical layer simulations, and provided an axisymmetric excitation with an easily adjusted width to quantify edge resolution. The second excitation configuration modeled our experimental setup [8] using a cH4-1 curvilinear array (siemens Medical solutions, Mountain View, ca) which was simulated using Field II [20] with the parameters listed in Table I ; see Fig. 1(c) . lateral f-numbers f/2 and f/4 were used in the simulations that modeled our experimental setup to give −6-dB lateral excitation beamwidths of 1.4 and 2.8 mm, respectively. The three-dimensional dynamic response of the elastic solid was solved through the balance of linear momentum using ls-dyna3d (livermore software Technology corp., livermore, ca) with an explicit time-domain method [12] . simulations were performed for a total time of 30 ms to allow shear wave propagation through a lateral range of 30 mm, and thus to extend at least 10 mm beyond the far edge of the layer or sphere. calculations were performed on a linux cluster with an average cPU speed of 2.6 gHz. In addition to ls-dyna3d, calculations were performed using Field II [20] , and Matlab (The MathWorks Inc., natick, Ma).
B. Simulation of Ultrasonic Tracking
Ultrasonic displacement simulation was performed using the methods detailed in [21] for the models using the cH4-1 transducer configuration. Briefly, Field II [20] was used to simulate rF data acquired using the parameters listed in the Tracking column of Table I from ten 3-d scatterer distributions that had been displaced using the time-dependent results of the FE models. rF data were Table I , that was used in the simulation of a stiff (E = 20 kPa) 10-mm-diameter spherical lesion in a soft (E = 5 kPa) background. Tx = transmit; rx = receive; PrF = pulse repetition frequency. simulated using dynamic receive focusing and receive aperture growth with a lateral line spacing of 0.2 mm, and were sampled at 100 MHz. displacements between tracking lines were estimated using normalized cross-correlation with a symmetric search region and 1.5-λ kernel, subject to a correlation coefficient threshold of 0.99. no electronic noise was added to the simulated displacement data because the primary source of jitter in focused radiation force-induced displacements is decorrelation of the speckle pattern in the tracking beam, which arises in these data from shearing of the scatterers contained within the tracking point spread function [21] , [22] . The jitter resulting from decorrelation is worst at the focal point of the radiation force excitation. For the 10 scatterer realizations used here, the displacement-to-jitter ratio at the focal depth was 5.9 ± 0.2 dB, which is consistent with our experimental data.
C. SWS Estimation
displacement data from either pure FE models or from simulated ultrasonic tracking of the FE-modeled displacements were tabulated in 3-d data sets as a function of axial position, lateral position, and time. ToF methods were used to estimate the sWs from displacement data by determining the wave arrival time at each lateral position and calculating the slope of the position versus time data. For the case of inhomogeneous models in this study, the slope was calculated using data from positions within a lateral kernel that was stepped across the lateral range. Kernel sizes studied ranged from 0.5 to 6 mm. Before estimating the wave arrival time, displacement versus time data were upsampled to a frequency of 100 kHz to increase the temporal resolution. In addition, tracked displacement data were smoothed using a low-pass filter with a cutoff frequency of 1 kHz to reduce jitter.
Three methods were explored to determine the wave arrival time from displacement versus time profiles. First, the time-to-peak (TTP) method [8] was used to estimate the wave arrival time as the time of peak displacement at each lateral position. These peak displacements and the corresponding times are indicated by the arrows for each of the three displacement profiles shown in Figs. 2(c) and 2(d). second, the time-to-peak-slope (TTPs) method was used to estimate the arrival time by differentiating the displacement versus time profiles and finding the time of the maximum slope at each lateral position. These peak slopes and their corresponding times are indicated by the arrows on the differentiated displacement data (i.e., the velocity profiles) shown in Figs. 2(e) and 2(f).
The third method used to estimate the wave arrival time used cross-correlation of the wave shape [16] to determine the time lag at one lateral position relative to an adjacent lateral position. The correlation function c l ( j ) between a displacement profile f l (t i ) at position l and an adjacent position l + 1 was calculated using the relation
where each sum includes the timesteps t i in the displacement versus time profile. after determining the lag corresponding to the maximum correlation function, quadratic interpolation was used to refine the estimate of the time lag. This procedure was repeated for each pair of adjacent lateral positions l and l + 1, and the time lags were accumulated over lateral position to determine the wave arrival time at each position. In this study, the correlation function c l ( j ) was calculated using only displacement data near the leading edge of the wave by setting the displacement function f l (t i ) to zero at timesteps greater than the time required for the wave to reach a fraction of its maximum displacement.
[Because the location of the leading edge changed with position and time, different numbers of points were used in the evaluation of (5) at different positions.] specifically, sWs estimates were performed using thresholds of 50% and 100% of the maximum displacement, and we refer to these methods to estimate the sWs as the Xcorr50 and Xcorr100 methods. Because the Xcorr50 and Xcorr100 methods only determine the difference in wave arrival times at adjacent lateral positions, these methods only determine relative arrival times, in contrast to the TTP and TTPs methods, which give absolute values. Fig. 3 shows the wave arrival times calculated using the TTP, TTPs, Xcorr50, and Xcorr100 methods for the cases of wave propagation across the 10-mm-thick layer and spherical lesion shown in Fig. 2 . The TTP and TTPs results are plotted as absolute values determined, for example, from the peak positions indicated by the arrows in Fig. 2 . The wave arrival times for the Xcorr50 and Xcorr100 methods are relative values, and the position of these data in Fig. 3 have been adjusted for clarity. For the case of the 10-mm layer, the wave arrival times determined by the four methods are similar, though small deviations from the exact arrival time lead to different results for the reconstructed shear wave speeds, see section IV-B. For the case of the spherical lesion, different methods used to determine the wave arrival times give different behaviors. The TTPs and Xcorr50 methods give relatively smooth arrival times that increase monotonically with lateral position. However, the TTP and Xcorr100 methods show large deviations from the ideal behavior which arise because of the interference of reflected shear waves from the boundaries of the spherical lesion and lead to artifacts in the reconstructed shear wave speeds; see section IV-c.
D. SWS Accuracy and Resolution
The accuracy of sWs reconstructions was evaluated by comparing the estimated sWs with the true speeds calculated using (2) and the material properties used in the FE models. speeds were compared by calculating the rms difference Δ rMs between the estimated speeds c est,i and true speeds c true,i at positions i along lateral profiles extending across the layer or along lateral profiles through the center of the spherical inclusion,
For clinical applications, it is useful to connect the error Δ rMs in sWs to the error σ μ in shear modulus or error σ E in young's modulus. Using (2) and standard propagation of error techniques gives
where σ c = Δ rMs is the error in sWs. The resolution of sWs estimations was evaluated by fitting the reconstructed sWs profiles across the layer or sphere using a function expressed as the product of two sigmoid functions to model the background-interior-background profile shape, 
where x is the lateral position, c in and c out are the reconstructed speeds in the layer and background, x 1 and x 2 are the locations of the layer boundaries, and λ 1 and λ 2 represent the widths of the transition from the background into the layer, and from the layer into the background, respectively. given an sWs profile, the six parameters c in , c out , x 1 , x 2 , λ 1 , and λ 2 were estimated using standard nonlinear least squares fitting procedures. Examples of these fits are shown in Figs. 4 and 5. In particular, estimates of λ 1 and λ 2 allow the sWs resolution R 2080 , defined as the distance required for a 20%-80% transition of the sWs, to be evaluated quantitatively as
E. SWS Image Constrast and Contrast-to-Noise Ratio
For the case of the stiff, spherical inclusion, sWs images were also evaluated by measuring the contrast and Fig. 3 . arrival time versus position for shear wave propagation across the 10-mm vertical layer (left) and spherical inclusion (right) determined using the Xcorr50, Xcorr100, time-to-peak (TTP), and time-to-peak-slope (TTPs) methods. The boundaries of the layer and spherical inclusion are indicated by the dashed lines at positions of 10 and 20 mm. arrival times determined using the TTP and TTPs methods are absolute. arrival times determined using the Xcorr50 and Xcorr100 methods are relative, and these curves have been shifted for clarity. contrast-to-noise ratio (cnr). The contrast was calculated using the relation
where the signals S in and S out are the mean pixel values from regions inside and outside the spherical inclusion, respectively. The inside region was chosen as an 8-mmdiameter circular area centered on the 10-mm-diameter inclusion, and the outside region consisted of two 8 mm × 3 mm rectangular areas located on either side of the lesion centered at the same axial depth as the lesion. These regions are indicated on the f/4, Xcorr50 image in Fig. 8 . With E = 20 kPa (c T = 1.29 m/s) inside the inclusion and E = 5 kPa (c T = 2.58 m/s) outside the inclusion, the true contrast given by (10) for the simulated data is 1. The cnr was calculated using the relation
where S in and S out are the same signals used for the contrast measurements, and σ in and σ out are the standard deviations of the pixel intensities used to calculate these signals. Fig. 4 shows four sWs reconstructions calculated using the TTP method to determine the wave arrival time from FE displacements for shear wave propagation across 2-and 4-mm-thick layers following 1-and 3-mm-wide gaussian excitations. The young's modulus of the layer and background were E = 20 kPa and E = 5 kPa, respectively. For each figure, the dashed line shows the true sWs profile calculated using (2), the solid line shows the sWs calculated using a 2-mm reconstruction kernel, and the dotted line shows the fit to the reconstructed sWs obtained using (8) . The rms difference between the reconstructed and true speeds calculated using (6) are indicated for each case.
IV. results
A. FE Displacements
Each of the plots shown in Fig. 4 exhibits two types of reconstruction artifacts. First, the size of the reconstruction kernel causes transitions between the background and layer to occur over a finite range near each boundary. second, the reconstructed speeds show non-constant values in regions where the material properties predict constant speeds. These artifacts occur primarily near the boundaries of the layer and are significantly larger for the 3-mm gaussian excitations compared with the 1-mm gaussian excitations. The source of these artifacts can be seen in the displacement image in Fig. 2(a) in which reflections appear at the soft-to-stiff and stiff-to-soft layer boundaries. These reflections introduce changes in the wave shape and skew the TTP estimate of the wave arrival time. changes in the sWs can also be seen by following the peak displacement as a function of lateral position in Fig. 2 and noting the slight deviations from an ideal linear trajectory near each boundary. We note that these artifacts are present in sWs reconstructions from FE displacements without any jitter introduced by ultrasonic tracking.
Because the artifacts identified in Fig. 4 depend on changes in shape of the shear wave induced by reflections near boundaries, it is interesting to consider the effect of different methods to estimate the shear wave arrival time. Fig. 5 shows sWs estimates calculated using the Xcorr50, Xcorr100, and TTPs methods described in section III-c to determine the shear wave arrival time for the case of the 3-mm gaussian excitation and 8-mm layer, i.e., the same configuration for the TTP results in the bottom-right plot in Fig. 4 . The rms difference between the true (dashed line) and reconstructed (solid line) profile is indicated for each case. In addition, the dotted line shows the fit to the reconstructed sWs obtained using (8) . We observe that different methods used to determine the wave arrival time give different reconstruction accuracies. The Xcorr100 and TTP methods give similar results with larger rms differences because these methods rely more heavily on an accurate identification of the peak displacement, and therefore, are more susceptible to changes in the shape of the shear wave caused by reflections at the boundaries. on the other hand, the Xcorr50 and TTPs methods estimate the wave arrival time by relying more heavily on the position of the leading edge of the shear wave. Because the leading edge precedes the peak displacement, there is less time for and, thus, decreased likelihood that interference from a reflected wave will confound its appearance. In other words, the arrival of the leading edge of the wave is less likely to be distorted by interaction with reflected waves from the boundary between two media. Thus, the arrival times estimated using the Xcorr50 and TTPs methods are Fig. 5 . comparison of reconstructed shear wave speed (sWs) profiles across the 8-mm-thick layer calculated from finite-element displacements following a 3-mm-wide gaussian excitation centered at a lateral position of 0 mm. The three methods used to estimate the wave arrival time are Xcorr50, Xcorr100, and time-to-peak-slope (TTPs). For comparison, the reconstructed profile obtained using the time-to-peak (TTP) method is shown in Fig. 4 (bottom right) . The reconstruction error Δ rMs between the true profiles (dashed lines) and reconstructed profiles (solid lines) is indicated on each plot. In addition, the profile obtained by fitting the double sigmoid function (8) to the reconstructed profiles is shown by the dotted lines.
less susceptible to effects introduced by reflections at the boundaries. Fig. 6 shows the effect of reconstruction kernel size on the reconstruction error Δ rMs for shear wave propagation across the 8-mm-thick layer with the Xcorr50, Xcorr100, TTP, and TTPs arrival time estimation methods and 1-, 2-, 3-, and 4-mm-wide gaussian excitations. For each method, wider gaussian excitations give larger reconstruction errors; thus, we conclude it is desirable to use a narrow shear wave excitation pulse. as the kernel size increases, each curve trends from a larger error to a minimum value and then increases to larger errors as a result of greater averaging across the boundary. comparing different wave arrival time estimation methods, the reconstruction errors with the TTP and TTPs methods are larger than those with the Xcorr50 method at smaller kernels, but the TTPs method achieves the lowest error for larger gaussian widths and larger kernel sizes.
B. Tracked Layer Simulations
To investigate the impact of ultrasonic tracking, simulations of shear wave propagation across a stiff vertical layer (E = 20 kPa) in a uniform background (E = 5 kPa) were performed using cH4-1 excitations with f/2 configuration (lateral beamwidth = 1.4 mm) and simulated ultrasonic tracking as described in section III-B. sWs profiles (not shown) across the layer appear as noisy versions of the profiles shown in Figs. 4 and 5. Fig. 7 (top row) shows the mean ± standard deviation from 10 scatterer distributions for the reconstruction error Δ rMs as a function of kernel size from sWs profiles calculated using the Xcorr50, Xcorr100, TTP, and TTPs methods to estimate the wave arrival time. We observe large variability of Δ rMs that decreases quickly with increasing kernel size. For kernels larger than roughly 2.5 mm, there is little difference in mean or standard deviation among results obtained using the Xcorr50, Xcorr100, TTP, and TTPs wave arrival time estimation methods. also shown in Fig. 7 are mean ± standard deviation results from 10 scatterer distributions for the values of the resolution R 2080,1 calculated using (9) from fits of the double sigmoid function (8) to the sWs profiles across the 10-mm layer. results for the resolution R 2080,2 are similar and are not shown. For small kernels, there is large variability in the resolution. However, above a kernel size of roughly 2.5 mm, the variability decreases and there is an approximately linear increase with kernel size from roughly 1 mm with a 2.5-mm kernel to roughly 2.8 mm with a 6-mm kernel. as with the reconstruction accuracy, there is little difference in mean or standard deviation of the resolution among results obtained using the Xcorr50, Xcorr100, TTP, and TTPs methods. Fig. 8 shows sWs images calculated from cH4-1 excited and ultrasonically tracked displacement data from one scatterer distribution for the 10-mm-diameter stiff spherical inclusion (E = 20 kPa) in a softer uniform background (E = 5 kPa). The excitation configurations used lateral fnumbers of f/2 (top two rows) and f/4 (bottom two rows) corresponding to lateral beamwidths at focal depths of 1.4 and 2.8 mm, respectively. sWs reconstructions were performed using the Xcorr50, Xcorr100, TTP, and TTPs methods to estimate the shear wave arrival times. shear wave speeds were reconstructed using a 4-mm kernel, and then smoothed using a 2 mm × 2 mm median filter. The plot under each image shows the reconstructed sWs (solid) and true sWs (dashed) profiles through the center of the sphere at the focal depth of 49 mm. The reconstruction error Δ rMs (in units of meter/second) is indicated on each plot and contrast and cnr values for each image are provided in the figure caption. Table II gives mean ± standard deviation results for the reconstruction error, contrast, and cnr calculated from sWs images reconstructed from 10 scatterer distributions.
C. Tracked Spherical Inclusion Simulations
The Xcorr100 and TTP results in Fig. 8 show large artifacts that can be understood from the displacement images shown in Fig. 2(b) . This image shows large displacements near the edge of the sphere at a lateral position of 20 mm which occur late in time, after the shear wave passes that location. These displacements are caused by reflected shear waves from boundaries of the sphere above and below the focal plane, and from elevation positions behind and in front of the lateral plane. Because the combined displacement from these reflections is greater than peak shear wave displacement, the displacement image in Fig. 2(b) and arrival time in Fig. 3(b) show a discontinuity in the trajectory of the peak displacement. This discontinuity is also indicated by the displaced peak location in the displacement profile at 16 mm lateral position in Fig. 2(d) . Thus, the TTP and Xcorr100 methods introduce large artifacts in reconstructed speeds that are reflected in the large reconstruction errors Δ rMs . Fig. 3 also shows that the wave arrival times obtained using the Xcorr50 and TTPs methods are closer to the ideal trajectories. Thus, these methods produce smaller artifacts in the sWs reconstructions, as indicated by the smaller reconstruction errors Δ rMs .
The Xcorr50 and TTPs results shown in Fig. 8 are similar, but also show some systematic differences. Both methods produce images with a fairly distinct region of increased sWs relative to the background. However, the images obtained using the TTPs method show more contrast on the right side of the lesion where the shear wave exits the lesion compared with images from the Xcorr50 method. similarly, a comparison of reconstructed and true profiles shows a more distinct fast-to-slow transition at the right edge of the lesion for the TTPs method compared with the Xcorr50 method. These observations agree with numerical values of contrast and cnr, which are greater for TTPs images compared with Xcorr50 images. In addition, the results obtained using the f/4 excitation configuration underestimate the sWs and have lower values of contrast and cnr compared with the f/2 results. numerical results from 10 scatterer distributions in Table  II agree with these observations.
Because of the artifacts introduced with the TTP and Xcorr100 methods, the sWs profiles were not well modeled by the double sigmoid function (8), and it was not possible to obtain meaningful estimates of the resolution from profiles of the spherical lesion with these methods. similarly, the double sigmoid function did not perform Fig. 7 . shear wave speed (sWs) reconstruction error Δ rMs (top row) and resolution R 2080,1 (bottom row) versus reconstruction kernel size from simulations of cH4-1 generated shear waves, including simulated ultrasonic displacement tracking, for shear wave propagation across a 10-mm-thick layer (E = 20 kPa) in a uniform background (E = 5 kPa). For this simulation, the lateral beamwidth of the cH4-1 excitation was 1.4 mm. results are shown for the Xcorr50, Xcorr100, time-to-peak (TTP), and time-to-peak-slope (TTPs) methods used to estimate the wave arrival time. Plotted data are the mean ± standard deviation results calculated from 10 independent scattering realizations. resolution results R 2080,2 at the second boundary of the layer are similar to the R 2080,1 results and are not shown.
well in modeling the slow recovery of sWs on the right side of images reconstructed using the Xcorr50 method (Fig. 8, left column) , and nonuniform structure across the lesion of the f/4, TTPs images (Fig. 8, lower right) . Thus, we have not attempted a systematic comparison of the resolution calculated from images reconstructed using different methods to estimate the wave arrival time. For the case of the f/2, TTPs image (Fig. 8, upper right) , the resolution values obtained using (8) and (9) Finally, we consider the appearance of the images shown in Fig. 8 reconstructed using the Xcorr50 and TTPs methods used to determine the wave arrival time. These images exhibit systematic distortions compared with the circular appearance of the true lesion. For the images obtained using the f/2 excitation configuration, the reconstructed lesion appears narrower across the lateral dimension than the axial dimension. This distortion is also present in the images obtained using the f/4 excitation configuration, and in addition, these images show a region of decreased sWs in the interior of the lesion. similar structures are seen in each of the images reconstructed from the 10 scatterer distributions. These effects are present even using the Xcorr50 and TTPs methods to determine the wave arrival time, although these methods are less sensitive to changes in wave shape caused by reflections at boundaries. Thus, we conclude that the excitation configuration and resulting shear wavelength can have a significant impact on the qualitative appearance and quantitative accuracy of reconstructed sWs images.
V. discussion
The reconstruction of sWs images from ToF measurements depends on many factors related to shear wave excitation, determination of the wave arrival time, and sWs estimation method. In this study, we have investigated the influence of these factors on the resolution and accuracy of reconstructed sWs images using finite element modeling of mechanical displacements and simulated ultrasonic tracking.
The excitation beamwidth is one of the primary factors affecting image resolution and accuracy. as shown in Fig. 6 for shear wave propagation across a stiff layer, the reconstruction error increases with increasing gaussian beamwidth for any given kernel size. This dependence on excitation beamwidth is also seen in Fig. 8 , which shows reconstructions of sWs images for the spherical inclusion obtained using f/2 (beamwidth = 1.4 mm) and f/4 (beamwidth = 2.8 mm) excitations. In particular, the contrast and cnr values in Fig. 8 and Table II are greater for the f/2 case. Based on these observations, we conclude that it is desirable to use narrower excitation beamwidths for better image reconstruction.
The determination of the wave arrival time is another key factor that influences reconstruction accuracy and resolution. In this study, we have investigated four methods to determine the arrival time: the TTP method that identifies the arrival time by the time of peak displacement [8] , the TTPs method which identifies the arrival time using the peak slope (i.e., the peak in the velocity profile), and the Xcorr50 and Xcorr100 correlation-based methods [16] , [19] .
The TTP and Xcorr100 methods depend critically on the identification of the peak displacement in displacement versus time profiles. Because the peak displacement only occurs after a fraction of the wave passes the observation point, portions of the wave ahead of the peak can interact with boundaries, and reflections can interfere with the timing of the peak arrival. as shown in Fig. 2 , these shape changes can be seen in the raw displacement data for wave propagation across both the stiff layer and spherical inclusion. For the case of the spherical inclusion, reflections from positions out of plane at the sphere boundaries converge to give large displacements late in time and introduce a discontinuity in the wave arrival time, as shown in Fig. 3(b) . These artifacts are particularly important when calculating the sWs using finite-sized Images were reconstructed using the cross-correlation-based Xcorr50 and Xcorr100 methods, time-to-peak (TTP) method, and time-to-peak-slope (TTPs) method to estimate the wave arrival time with f/2 and f/4 excitation configurations simulating a cH4-1 experimental design. cnr = contrast-to-noise ratio.
kernels. as shown in Fig. 4 (bottom-right) and Fig. 5 , the TTP and Xcorr100 methods perform poorly because of the reflections from the stiff-to-soft transition at the back edge of the stiff layer. similarly, the sWs images in Fig.  8 calculated using the TTP method show large artifacts at the right edge of the inclusion, where reflections cause the discontinuity in the peak displacement position shown in Fig. 2 . The TTPs and Xcorr50 methods determine the wave arrival time by estimating the position of the leading edge of the wave. Because this edge precedes the peak displacement, the arrival time occurs before the time of peak displacement, and there is less opportunity for reflection from boundaries to sum constructively at the leading edge of the wave to skew the arrival times. also, for the case of the spherical inclusion, Fig. 3 shows that the wave arrival time determined using the TTPs and Xcorr50 methods does not suffer from the large artifacts introduced by late peak displacement with the Xcorr100 and TTP methods. as shown in Fig. 4 , the TTPs and Xcorr50 methods yield sWs estimates with lower reconstruction error for the stiff vertical layer. similarly, the TTPs and Xcorr50 results shown in Fig. 8 for the spherical inclusion have Fig. 9 . shear wave speed (sWs) images and lateral profiles obtained by including the directional filter described by deffieux et al. [23] in the reconstruction procedure for the same distribution of scatters and time-topeak-slope (TTPs) method to estimate the wave arrival time as shown in Fig. 8 . results are shown using the f/2 (left) and f/4 (right) excitation configurations. The reconstruction error Δ rMs is given (in units of meter/second) on the figure. Values of contrast and contrast-to-noise ratio (cnr), calculated using the same regions as shown in Fig. 8 , are 0.78 and 7.2 for the f/2 case, and 0.50 and 4.6 for the f/4 case, respectively. Fig. 8 . shear wave speed (sWs) images and lateral profiles at the focal depth of 49 mm for a tracked simulation of a 10-mm-diameter, E = 20 kPa, spherical inclusion in a uniform background with E = 5 kPa. The pushing configurations used lateral f-numbers of f/2 (top two rows) and f/4 (bottom two rows) corresponding to beamwidths at the focal depth of 1.4 and 2.8 mm, respectively. The four columns show sWs reconstructions performed using the Xcorr50, Xcorr100, time-to-peak (TTP), and time-to-peak-slope (TTPs) methods to estimate the wave arrival time. shear wave speeds were reconstructed using a 4-mm lateral kernel, and then smoothed using a 2 mm × 2 mm median filter. The reconstruction error Δ rMs is given (in units of meter/second) for each case. For the eight images, contrast values calculated using (10) lower reconstruction error and greater contrast and cnr compared with the TTP and Xcorr100 results. Based on these observations, we conclude that determination of the wave arrival time using methods that identify the leading edge of the wave give better sWs reconstructions compared with methods that rely on identification of the peak displacement. Furthermore, comparison of the TTPs and Xcorr50 results in Fig. 8 and Table II indicate lower reconstruction error and greater contrast and cnr for the TTPs case. Thus, of the four methods used to estimate the wave arrival time that were investigated in this study, we conclude that the best results are obtained using the TTPs method.
shear wave reflections can be a source of artifact when generating images of tissue stiffness, especially when using ToF algorithms in which assumptions of the propagation direction are being made. recently, deffieux, et al. [23] have addressed this problem using a directional filter [24] to identify the backward-moving shear waves as negative frequencies in Fourier space that can be eliminated in the frequency domain before their ToF algorithms are applied to the displacement data. In addition, this filter improves the signal-to-noise ratio of the acquired data by removing nearly half of the k-space domain, with a corresponding reduction of white noise. However, the directional filter does not remove the reflected waves from the boundaries of the spherical lesion that lead to the discontinuity in peak displacements seen in Fig. 2. Fig. 9 shows the reconstructed images obtained when the filter is included in the reconstruction algorithm for the case of the TTPs method and f/2 and f/4 excitation configurations from Fig. 8 . reconstruction errors are shown on the figures and contrast and cnr values are given in the figure caption. We observe that the qualitative appearance of the images reconstructed using the directional filter are similar to the original images in Fig. 8 , In addition, the reconstruction errors are reduced and the contrast and cnr values are improved compared with the original images in Fig. 8 . Hence, we conclude that including the directional filter in the reconstruction algorithm is helpful, and recommend its use along with the TTPs method to estimate the wave arrival time.
compared with purely mechanical displacements in FE models, displacements estimated using ultrasonic tracking have increased noise which impacts the selection of kernel size used in the ToF sWs reconstructions. as shown in Fig. 7 , variations in kernel size have the expected effects: small kernel sizes are associated with better spatial resolution at the expense of accuracy (large Δ rMs ). Increasing the kernel size decreases the error at the expense of spatial resolution, which increases roughly in proportion to increased kernel size. Therefore, in selecting an optimal kernel size, one must consider the size of the excitation beamwidth and the tradeoff between accuracy and spatial resolution of the specific clinical application. For example, based upon these findings, we have selected a kernel size of 4 mm for the specific experimental configuration simulated herein.
VI. conclusion
The quality of sWs images reconstructed using ToF techniques following impulsive radiation force excitation in materials depends on many factors related to shear wave excitation, determination of the wave arrival time, and parameters used to calculate the wave speed. In this study, we have used finite element models with simulated ultrasonic tracking to investigate the influence of these factors on the accuracy, resolution, contrast, and cnr of sWs images. Methods used to determine the arrival time of the shear wave include Xcorr, TTP, and TTPs. The TTP and Xcorr100 methods, which rely on identification of the peak displacement, are sensitive to changes in wave shape introduced by reflections at boundaries, whereas the Xcorr50 and TTPs method, which identify the leading edge of the shear wave, are less sensitive to these reflections. Furthermore, errors introduced by these reflections increase significantly with increasing shear wavelength. Increasing the reconstruction kernel size to reduce these errors leads to the expected loss of spatial resolution. We conclude that the optimal ToF-based approach will include the use of a narrow excitation beam, the TTPs method to estimate wave arrival time, inclusion of a directional filter [23] in the reconstruction algorithm, and a regression kernel size that is selected based on the tradeoffs between accuracy and resolution for a specific clinical application and that is typically between 2 and 6 times the size of the wavelength.
